Note to the existence of periodic solutions for higher-order differential equations with nonlinear restoring term and time-variable coefficients by Andres, Ján & Vlček, Vladimír
Acta Universitatis Palackianae Olomucensis. Facultas Rerum
Naturalium. Mathematica
Ján Andres; Vladimír Vlček
Note to the existence of periodic solutions for higher-order differential equations
with nonlinear restoring term and time-variable coefficients




© Palacký University Olomouc, Faculty of Science, 1991
Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.
This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz
ACTA UNIVERSITATIS PALACKIANAE OLOMUCENSIS 
FACULTAS RERUM NATURALIUM 
1991 MATHEMATICA XXX VOL. 100 
Katedra matematické analýzy a numerickb matematiky 
přírodovědecké fakulty Univerzity Palackého v Olomouci 
Vedoucí katedry: Doc.RNDr.Jiří Kobza, CSc. 
NOTE TO THE EXISTENCE 
OF PERIODIC SOLUTIONS 
FOR HIGHER-ORDER DIFFERENTIAL EQUATIONS 
WITH NONLINEAR RESTORING TERM 
AND TIME-VARIABLE COEFFICIENTS 
JAN ANDRES AND VLADIMÍR VLČEK 
(Received October 27, 1989) 
Abstract: The existence of oo -periodic solutions to 
equation (1) is proved for n = 2,...,8. 
Key words: Periodic solution, Leray-Schauder continuation 
theorem. 
MS Classification: 34C25 
Introduction 
In order to generalize the results from [2] , [3] the first 
author has found in [l] the sufficient conditions for the exis­
tence of an co-periodic solution of the equation 
n-1 
x ( n ) +>___ a.(t)x(n"j)(t) + h(x) = p(t) , n > 1 (1) 
j=l J 
where a . (t)c C J(R), j = l,...,n-l, p(t)«sC(R) are co-periodic 
functions, h(x) e CX(R) . 
The purpose of this paper is a further improvement of the 
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mentioned results, including [l] , for a concrete n = 2,...,8. 
The proving technique consists as well as in [l] in the appli-
cation of the following standard Leray-Schauder alternative. 
Proposition. Equation (1) admits an co-periodic solution if all 




n ) + ,* Z _ a.(t)x(n-J)(t) + h(x) - p(t)f + (l-^cx = 0 , (2) 
where ^ L ^ ( 0 , 1 > is a parameter and c /- 0 is a suitable real 
constant, are uniformly a priori bounded together with their de-
rivatives up to the (n-l)-th order including, independently of 
the parameter ĴU, and the equation 
x ( n ) + ex = 0 , 
originated from (2) for ji = 0, has no nontrivial co-periodic 
solution. 
Let us note that the last requirement can be always satis-
fied for a sufficiently small c t 0. 
For the L2~estimates desired we use the well-known Schwarz 
inequality jointly with the Wirtinger inequality (see [3]) 
*> Cu 
j[x(J)(t)]2dt^^J[x(J+1)(t)]2dt, j = l,...,n-l, 
O 0 
UJ> 
% = IT ' 
(W) 
holding for a continuously up to the (j+l)th-order differentiable 
Co -periodic function x(t). 
The further basic tool we employ in the proof of the main 
statement are the following integral identities obtained after 
the integration by parts of the single terms of the sum in (1). 
Lemma. The following integral identities are satisfied for every 




(n-1)(t)]2dt , (3) 
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fa 2 ( t )x
( n - 2 ) ( t )x ( n ) ( t )dt = I f a 2 - ( t ) [ x
( n - 2 \ t ) ] 2 dt -
0 ° 
- | a 2 ( t ) [ x
( n - 1 ) ( t ) ] 2 d t , (4) 
O 
(a 3 ( t )x
( n - 3 ) ( t )x ( n ) ( t )dt - - f | a 3 " ( t ) [ x
( n - 3 ) ( t ) ] 2 dt + 
O 
+ f r a 3 ( t ) [x
( n - 2 ) ( t ) ] 2 dt , (5) 
oû 
fa 4 ( t )x
( n - 4 ) ( t )x ( n ) ( t )dt - I | a ( 4 ) ( t ) [ x ( n - 4 ) ( t ) ] 2 dt 
o o 
- 2Ja4 - ( t ) [x
( n -3 ) ( t ) ]2dt • 
O 
+ /Ja4(t)[x
( n"2 )(t)]2dt ) ( 6 ) 
Ja 5 ( t )x
( n - 5 ) ( t )x ( n ) ( t )dt - - ì | a ( 5 ) ( t ) [ x ( n - 5 ) ( t ) ] 2 d t . • • 
0 0 
+ f ja 5 " ( t ) [x
( n - 4 ) ( t ) ] 2 dt -
o 
- f j a 5 ( t ) [ x
( n - 3 ) ( t ) ] 2 dt , (7) 
0 
£0 -*-• 
Л 6 ( t ) x
( n - 6 ) ( t ) x ( n ) ( t ) d t = f | a ( 6 ) ( t ) [ x ( n - 6 ) ( t ) ] 2 d t -
0 0 
- з | a ( 4 ) ( t ) [ x ( n - 5 ) ( t ) ] 2 d t • 
o 
£0 
+ f ґ a 6 ' ( t ) [ x




a 7 ( t ) x
( n - 7 ) ( 
UJ 
- | a 6 ( t ) [ x
( n " 3 ) ( t ) ] 2 d t , 
O 
ÚL> 
t ) x ( n ) ( t ) d t - - i | a ( 7 ) ( t ) [ x ( n - 7 ) ( t ) ] 2 d t 
O 
+ ! / a
( 5 ) ( t ) [ x ( n - 6 ) ( t ) ] 2 d t -
O 
co 
- 7 Í a 7 - - ( t ) [ x
( n - 5 ) ( t ) ] 2 d t + 
O 
Co 
• j j a 7 - ( t ) [ x
( n - 4 ) ( t ) ] 2 d t . 
( 8 ) 
Proof - i s t r i v i a l . 
N o t a t i o n : 
A n l - m a n 1 - 7
 a í ^ - a 2 ( t ) j f o r n = 3, 
t€<U ,<b> 
A 4 2 = maxn í - 2
a 2 " ( t ) + f a 3 ( t ) l 
A ° 2 = !La/
Xn^42 + - 4 ( t ) . -
t € <U ,(o> 
A53 = ^ax I " 2 a 3 " ( t ) - 2 a 4 ' ( t ) { 
t € <U ,to> 
A63 = " ! a x n (
A 5 3 - ! a 5 ( t ) ? 
te-<U,u>> 
foг n = 5, . . . ,8 
A64 " ? a x n ^ i
a i 4 ) ( t ) + ! a 5 3 ) ( t ) V 
tG<U,to> 
AnЗ = m a x í A 6 3 " a 6 ( t ) І 
tЄ<U,ŁO> 
A 7 4 = max í^^4 + l a Г ( t ) i / r U < 0 , u > > 6 4 l 6 
foг n = 7. 
(9) 
( 1 0 ) 
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A84 = "axn Í




{ - Ь ( 5 ) ( t ) - 3 a ( + ) ( t ) ( 
. ( 3 ) , AЯ R = max Í A , . - 7 a^-Ҷt)? 
0 5 te<0,u,>7 7 l 
A86 = TI<0,Lt a ^ > C t ) + í 4 5 ) ^ ) ^ 
An,n-1 " • • S 1 í í ' - - >
n * 1 an-"l 1 ) ( t ) l tor n - 2 . . . . . I 
T6 \U,c . j^ 
and for n e { 2 , . . . ,8J , 1 -* j 
nj 
A . i f A . > 0 
nj nj ^ 
i f An. == 0 . 
Theorem. Let 
6J 
( i ) f p ( t ) d t = 0 , 
( i i ) 3 ( H ' -* 0, H-const . ) : | h ' ( x ) | ^ H' fo r a l l x e R , 
n-1 
( i i i ) On== { l - X
A ^ ^ o J " H'~o}>0> n*{2,. . . ,8| , 
( i v ) ^ (R > 0, R-const.) : h(x)sgn x > h or h(x)sgn x < -h 
n-1 
fo r | x | > R, where h : = ^ Z A i^n-i > ° 
j= l J > J 
with | a . ( t ) | - S A . , A j ~ 0 for j = l , . . . , n - l ; n e { 2 , . . . , 8 } , 
D n f - ^ D n , > l > D nj - % D n , j + l > ° •
 D n n " Д ' 
P := max | p ( t ) | . 
t*<0,co> 
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Then equation (1) for n=2,...,8 admits an co-periodic solution. 
P r o o f . Let x(t) be a solution of (2), where x(j)(0) = 
= x^j)(co), j = 0,1,2,...,n-l. Substituting x(t) into (2), mul-
tiplying it by x (t) and integrating the obtained identity 
from d to co, we come to 
V n-1 a' 
J[x(n)(t)]2dt - - /Aj^lJaj(t)x
(n-J)(t)x(n)(t)dti -
o J" o 
oo oo 
- JJLrn(x(t))x
(n)(t)dt+ ^ r p ( t ) x
( n ) ( t ) d t -
- (1 - jx)c íx(t)x(n)(t)dt 
After integrating by parts we get by means of Lemma, (W), the 
Schwarz inequality and (ii), (iv) [cf. notation (10)] that 
j[x(n)(t)]2dt^(Z.A;jcu;j + н - C o
n
 +
 l + (
2 -
i ) П i c i ) | [ x ( n ) ( t ) ] 
n «J n 
2 d t + 
Pßľ|| Г [ x ( n ) ( t ) ] 2 d t , 
i.e. [see ( i i i ) J 
,2 
/[.<"><«]»-,< Ł » . . D n Я . D n n . . Ľ a L ( > . ) 
o л n n 
Applying (W) again, we come to 
ÛÜ 
yv^ш] 2 d t * D 2 . , Dn. := „ 0 D П f J + 1 ( > 0 ) 
for j = l , . . . , п - l ; п « { 2 , . . . , 8 | 
According to Rolle's theorem, the points t.e (0,co), 
- 154 




. ) = 0 for j = l,...,n-l, 








(t)|dt* .CЬ . . :=D } (>0) 
J ' n,з+l nj 
(11) 
j = 1,. . .,n-l. 
Now substituting x(t) into (2) and integrating from 0 to 











0 ^~ 0 
I f min | x ( t ) | > R , R > 0 c o n s t . , then choosing c / 0 i n order t o 
te<0,co> 
be [see ( i v ) ] 
ch(x)x > 0 
we get by means of (iv) and (11) that 
n-1 ^ n-1 




(t)|dt ^ O O ^ Г A . D ^ = 
*0 "" 0 "̂~ 
= 60 h , 
when multiplying the foregoing identity by sgn(cx). But this 
leads to the contradiction with assumption (iv). Therefore it 
must be 




| x ( t ) | * R+ f | x ' ( t ) | d t -* R + l/uTDn2 := D n l ( > 0 ) 
o . 
for t e. <0,u>> . 
It follows from (11) and (12) that 
n-1 n-1 
X l x ( 3 ) ( t ) | *XDnV + D n l := D > ° 
j=0 j = l n j 
(12) 
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holds for every oo-periodic solution x(t) of (2), independently 
of JLL € (0,1> . 
Hence, in view of Proposition, the proof of our Theorem is 
completed. 
Concluding remark. 
It could be expected, in view of the obtained result, that 
Theorem may be analogously extended for the nth-order equation, 
where the integral identities from Lemma obey in the case of the 
odd order (j = 2k-l, k <£ N) the relation 
Ja2k.1(t)x
(n-2k+1)(t)x(n)(t)dt = - 1 Ja(2k1
1)(t)[x(n-2k+1)(t)]2dt + 
(n-k), • ...+ (-l)
k ^fa 2 k_ 1(t)[x
C n- k ;(t)] 2dt 
(k terms), 
while for the even order (j = 2k, k € N) it is 
Ja2k(t '^t)x(n)(t)dt - I Ja(2k)(t)[x(n"2k)(t)]2dt -
13 O 
- kja(n-2k-2)(t)[x(n"2k+1)(t)]2dt + 
o 
(o 
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